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Abstract
Perturbation expansions appear to be divergent series in many physically interesting situ-
ations, including in quantum field theories like quantum electrodynamics (QED) and quan-
tum chromodynamics (QCD), where the perturbative coefficients exhibit a factorial growth
at large orders. While this feature has little impact on physical predictions in QED, it can
have nontrivial consequences in applications of perturbative QCD at moderate energies. In
particular, it affects the theoretical error in the extraction of the strong coupling αs from
hadronic τ decays, despite progress of perturbative calculations available at present to four
loops. We discuss a new type of perturbative expansion for QCD correlators, which uses
instead of the standard powers of the coupling a new set of expansion functions. These func-
tions are defined by means of an optimal conformal mapping of the Borel complex plane,
which implements the known features of the high-order divergence in terms of the lowest
Borel-plane singularities. The properties of the expansion functions resemble those of the
expanded correlators, by exhibiting in particular the singular behaviour of the correlators at
αs = 0. We prove the good convergence properties of the new expansions on mathematical
models that simulate the physical polarization function for light quarks and its derivative
(the Adler function), in various prescriptions of renormalization-group summation.
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2I. INTRODUCTION
Most of the problems in physics are plagued by the lack of exact solutions. To find
a suitable approximation, one has to neglect a number of effects, thereby easing the
labour but, simultaneously, endangering the physical relevance. It is a wide experience
that equations in physics can, as a rule, be solved only approximately.
Perturbation theory (PT) is based on the idea of expressing the solution F (z) of a
problem in a (maybe formal) series in powers of a perturbative parameter z:
F (z) '
∑
n
fnz
n, (1)
where fn are the expansion coefficients, and z is considered to be a small quantity from
which, however, significnt physical effects may result.
Two questions are of interest related to (1):
(i) what is the meaning of the sum on the right-hand side of (1), and
(ii) what is the meaning of the equality sign in (1).
The situation is simple when the infinite series in (1) is convergent for a certain
value of z. Then, at that particular value of z, F (z) is equal to the unique sum of the
infinite series:
F (z) =
∞∑
n=0
fnz
n. (2)
In general, let us assume that z is a complex variable. If F (z) is holomorphic inside a
circle of radius ρ > 0 centered at the origin, (1) represents F (z) uniquely in the form of
the Taylor expansion of F (z) for all |z| < ρ. The expansion coefficients fn are obtained
from the derivatives to all orders of F (z) at z = 0. For |z| > ρ, the power series in (1)
is divergent and the sum is not defined. Finally, if the convergence radius ρ is zero, the
sum in (1) is not defined either and the equality (2) can say nothing about anything
related to interactions.
If, however, (1) is understood, instead of (2), as an asymptotic relation between
F (z) and the sum, and we write
F (z) ∼
∞∑
n=0
fnz
n, z → 0, (3)
3then a function F (z) may exist even if the series in (3) is divergent. We recall that
(3) means that there exists a region S containing the origin or at least having it as an
accumulation point, such that the set of functions
RN (z) = F (z)−
N∑
n=0
fnz
n (4)
satisfy the condition
RN (z) = o(z
N ) (5)
for all N = 0, 1, 2, ..., z → 0 and z ∈ S [1, 2].
We emphasize that an asymptotic series is defined by a different limiting procedure
than the Taylor series: taking N fixed, one observes how RN (z) behaves for z → 0,
z ∈ S, the procedure being repeated for all N ≥ 0 integers. In a Taylor series, z is
fixed and one observes how the sums
∑N
n=0 fnz
n behave for N → ∞. Convergence, a
property of the expansion coefficients fn, may be provable without knowing the function
F (z) to which the series converges. However, asymptoticity can be tested only if one
knows both the coefficients fn and the function F (z). In contrast to (2), the relation
(3) does not determine the function F (z) uniquely, even if all the coefficients fn are
explicitly known and the set of rays approaching the origin z = 0 is specified.
Perturbative methods are used in astronomy, in quantum mechanics and in elemen-
tary particle physics, where the parameter z measures the strength of particle interac-
tion, while z = 0 corresponds to the state when interaction is absent. The applicability
of perturbation theory is entirely dependent on the convergence properties of the power
series (1), which are determined by the behavior of the large-order terms, and by the
analyticity properties of the expanded function F (z) at the expansion point z = 0.
This has far-reaching consequences in quantum field theory (QFT).
II. DIVERGENT PERTURBATIVE SERIES IN QFT
Quantum field theories rely on two fundamental pillars of physics, quantum mechan-
ics and the special theory of relativity. Notable examples are quantum electrodynamics
(QED), an abelian gauge theory which describes the electromagnetic interactions of
quarks and leptons, and quantum chromodynamics (QCD), a gauge theory based on
4SU(3) color group, which describes the strong interactions between the colored quarks
and gluons. It enjoys the property of asymptotic freedom, if the number of fermion
families does not exceed a certain limit. On the other hand, QCD is required to be a
confining theory as no free quarks and gluons are observed in nature. The gauge field
theories have been shown by ’t Hooft and Veltman to be renormalizable, even if the
symmetry is spontaneously broken, as is the case of the unified theory of electromag-
netic and weak interactions (the Glashow-Salam-Weinberg model).
Except for some idealized models, field theories in general cannot be solved exactly.
Perturbation theory is the basic tool for calculations: the physical quantities of interest,
such as scattering amplitudes, are expressed as perturbation series of the form (1) in
powers of a renormalized coupling constant z, with coefficients fn obtained from the
calculation of successive terms visualised by Feynman diagrams.
In the case of QED, the parameter z in the perturbative expansion (1) is the fine
structure constant α = e2/4pi, where e is the magnitude of the electron charge. The
coefficients fn have been calculated in some cases up to high perturbative orders. Ex-
amples are the magnetic moments of the electron [3] and the muon [4], for which QED
perturbation theory makes predictions with an amazing accuracy, never reached before
in science.
In the case of QCD, the modern theory of strong interactions, the perturbative
parameter z is the scale-dependent renormalized strong coupling αs = g
2/4pi, where g
is the parameter entering the QCD Lagrangian. Perturbation theory is the basic tool
for describing the quark and gluon jet production in high-energy processes and the
influence of strong interactions on electroweak processes through higher order quantum
fluctuations. It is valid on a wide range of energy scales, from very high energies down
to several GeV.1
It is, however, known that the perturbative series in both QED and QCD are diver-
gent series. The result obtained in 1952 by Freeman Dyson for QED [5] was a surprise
and set a challenge for a radical reformulation of perturbation theory. Dyson’s argu-
ment has been repeatedly critically discussed, reformulated and extended to other field
1 At lower energies, where the strong coupling is no longer a small parameter, QCD perturbation theory
is not applicable. In this range, effective field theories like chiral perturbation theory (ChPT) and
nonperturbative approaches as lattice QCD are the main tools for the study of strong interactions.
5theories including QCD (see [6]-[21] and references therein).
The fact that the perturbative series in QFT are divergent can be inferred from
two kinds of arguments: on the one hand, one can prove that the expanded functions
(usually the Green functions of the theory) are singular at the expansion point, z = 0.
For QED this argument was used by Dyson [5]. In the case of QCD, the argument is
based on renormalization group invariance and was put forward by ’t Hooft [10]. On
the other hand, the divergency is inferred from studies of higher order terms of the
series, based on Feynman diagrams, which indicate a factorial growth of the expansion
coefficients, fn ∼ n!, for several field theories including QED and QCD.
To give the divergent series a precise meaning, Dyson proposed to interpret it as
asymptotic to the desired function, i.e. he assumed that (3) holds. By this, the
philosophy of perturbation theory changed radically. Perturbation theory yields, at
least in principle, the values of all the fn coefficients. This can tell us whether the
series is convergent or not. What we want to know is under what conditions the
function F (z) can be determined from (1). If the series were convergent, the knowledge
of all the coefficients fn would uniquely determine F (z). On the other hand, there are
infinitely many functions having the same asymptotic expansion (3).
It may seem surprising that the field correlators have singularities in z at the point
z = 0 which corresponds to the interaction vanishing. It is well known that interactions
play a fundamental role in the formation of structures in Nature: the celestial bodies
and all structures on the Earth exist due to the interaction of elementary particles. It
is hardly imaginable what the Universe would be like without interaction: no forces, no
structures, nothing but free particles, chaotic agglomerations, random multiplicities.
The enormous difference between the world with interaction, z 6= 0, and that without
interaction, z = 0, poses the question whether there is a physical relation between the
two worlds. The great difference suggests that it would be unreasonable to try to
explain the behavior of the interacting particles on the basis of the non-interacting
ones. i.e., to base the explanation of something existing (interaction) on something
not existing (no interaction). The effect of interaction is hidden in the singularity of
F (z) at z = 0 or, if one insists in using power expansions, in the derivatives of F (z)
of all orders at the origin, which however do not exist. The singularity does not show
up in the truncated low-order perturbative expansion which, being a polynomial in the
6parameter z, is holomorphic for any z, except for the point z → ∞. Therefore, going
beyond finite orders is essential for capturing the essential properties of the theory.
In our presentation we shall deal with these questions with specific reference to
QCD. We must emphasize that considerable progress has been achieved in perturbative
QCD in the last decades: calculations to next-to-next-to-leading-order (NNLO) and
next-to-next-leading-logarithm (NNLL) approximation are available for many high-
energy processes and, as shown below, for several observables the calculations have
been pushed to even higher orders. However, the expansions are also plagued with
some difficulties: the truncated, fixed order perturbative expansions are afflicted with
the problem of renormalization scheme and scale dependence and violate explicitly,
due to the Landau singularities, the rigorous momentum-plane analyticity imposed by
general principles of causality and unitarity on the correlations functions of the confined
theory. Moreover, the perturbative expansions are not valid in the kinematical regions
where hadron interactions are measured, an analytic continuation from the euclidean
to minkowskian regions being necessary for comparison with experiment. Finally, the
ambiguities related to the fact that the expansions are divergent series have a much
larger effect than for QED, due to the fact that at moderate energies, of a few GeV,
the coupling is relatively large. As we shall discuss below, these difficulties are to a
certain extent interconnected.
We consider for illustration the Adler function in massless QCD, defined as
D(s) = −s dΠ(s)
ds
, (6)
where Π(s) is the amplitude of the current–current correlation tensor
Πµν(p) = i
∫
d4x e−ipx〈0|T(jµ(x)jν(0))|0〉 = (gµνp2 − pµpν)Π(s), s = p2, (7)
corresponding to a vector or an axial-vector current jµ of massless quarks (see Fig. 1).
The function D(s) is renormalization-group invariant and ultraviolet finite. It can
be calculated in perturbative QCD by inserting gluon and quark lines in the Feynman
diagram (1). Its formal perturbative expansion reads
Dpert(s) = 1 +
∑
n≥1
(
αs(µ
2)
pi
)n n∑
k=1
k cn,k (ln(−s/µ2))k−1, (8)
where αs(µ
2) is the renormalized strong coupling at an arbitrary scale µ2. In particular,
7W− W−
FIG. 1: The tensor (7) to leading order. The solid lines denote light quarks.
choosing µ2 = −s, (8) takes the simple form
Dpert(s) =
∑
n≥0
cn,1
(
αs(−s)
pi
)n
, (9)
where we denoted for convenience c0,1 = 1. The series (9) is known as “renormalization-
group improved expansion”, because it avoids the appearance of large logarithms of the
form ln(−s/µ2) in the coefficients, the entire energy dependence being included in the
coupling.
The dependence of the coupling on the scale is governed by the renormalization-
group equation
µ2
dαs(µ
2)
dµ2
= β(αs) ≡ −αs(µ2)
∑
n≥0
βn(αs(µ
2))n+1 , (10)
where the coefficients βn are calculated perturbatively and depend on the renormaliza-
tion scheme for n ≥ 2. At one-loop, this equation has the well-known solution2
a˜s(−s) = as(µ
2)
1 + β0as(µ2) ln(−s/µ2) , (11)
where as ≡ αs/pi. This equation exhibits asymptotic freedom, a˜s(−s)→ 0 for s→ −∞.
At two-loop, the solution of (10) is expressed in terms of a Lambert function, while at
higher orders the renormalization group equation can be integrated only numerically.
The perturbative coefficients cn,k for n ≥ 1 in (8) include the efect of higher-order
quantum fluctuations. Actually, only the leading coefficients cn,1 require the evaluation
of Feynman diagrams, the remaining ones, cn,k with k > 1 are obtained in terms of cm,1
2 It is easy to see that the one loop coupling has a pole at a finite spacelike value s = −Λ2. This
pole, present also in the exact solution of (10), produces an unphysical singularity in the truncated
renormalization-group improved expansion (9), known as “Landau pole”.
8with m < n and the coefficients βn of the β function by imposing renormalization-group
invariance to each order.
The state-of-the-art is that β function (10) was calculated to five loops in MS scheme
(see [22] and references therein). For nf = 3 flavours the expansion coefficients are
β0 = 9/4, β1 = 4, β2 = 10.0599, β3 = 47.228, β4 = 134.08. (12)
The Adler function itself was calculated to four loops, which makes it one of the most
precisely known Green functions in QCD. The leading coefficients cn,1 in the MS-
renormalization scheme with nf = 3 have the values (see [23] and references therein):
c1,1 = 1, c2,1 = 1.640, c3,1 = 6.371, c4,1 = 49.076. (13)
On the other hand, for large n the coefficients cn,1 exhibit a generic factorial growth of
the form [21]
cn,1 ≈ K bnn!nc, n→∞, (14)
where K, b and c are constants. Therefore, the radius of convergence of the expansion
(8) is zero. This is related to the fact that the Adler function, viewed as a function
of the strong coupling, is singular at the origin of the complex αs plane. Furthermore,
as shown by ’t Hooft [10], D is analytic only in a horn-shaped region in the half-plane
Reαs > 0, of zero opening angle near αs = 0.
III. BOREL SUMMATION
Several mathematical techniques for the summation of divergent power series are
known, which under certain conditions recover the expanded function from its expansion
coefficients [1]. For instance, the Borel summation has received much interest in recent
years and has been adopted for the summation of the perturbation series in QCD,
although the mathematical conditions required for its use are not satisfied in this case.
To illustrate the method, we start from the expansion (9) of the Adler function and
define its Borel transform B(u) by the series:
B(u) =
∞∑
n=0
bnu
n, bn =
cn,1
βn0 n!
. (15)
9One can check that the function D(s) can be written formally in terms of B(u) by
means of the Laplace-Borel representation
D(s) =
1
β0as(−s)
∞∫
0
duB(u) exp
(
− u
β0as(−s)
)
. (16)
Due to the n! in the denominator of bn, the series (15) is expected to be convergent
in a disk, |u| < u0 of positive radius, u0 > 0. If the function B(u) could be analytically
continued in the u complex plane outside this disk up to the real axis, and the integral
(16) were convergent for a certain as > 0, then the original series would be Borel
summable and (16) would define uniquely a function analytic in a region of the half-
plane Re as > 0.
Criteria for Borel summability are formulated as constraints on the properties of
the expanded function D in the complex as plane (for a review see [19, 20]). Watson
theorem [24] requires the analyticity of D in a region of the as plane defined by |as| < R
and | arg(as)| < pi/2 + , for certain positive numbers R and . A generalization is
Nevanlinna criterion [25], which replaces the sector | arg(as)| < pi/2 +  by the region
Re (1/as) < 1/η, for some η > 0.
These conditions are, however, not fulfilled in QCD, since the horn-shaped analytic-
ity region found by ’t Hooft violates the Watson and Nevanlinna criteria. Alternatively,
Borel non-summability results from the singularities of the Borel transform B(u) in the
u plane: detailed studies [13, 21] have showed that B(u) has singularities on the semi-
axis u ≥ 2, denoted as infrared (IR) renormalons, and for u ≤ −1, denoted as ultraviolet
(UV) renormalons. The names indicate the regions of the Feynman integrals, which
are responsible for the appearance of these singularities. Other singularities, at larger
values on the positive real axis, are due to specific field configurations known as instan-
tons. Apart from the two cuts along the lines u ≥ 2 and u ≤ −1, it is assumed that no
other singularities are present in the complex u plane [8, 13]. The cut u plane is shown
in Fig. 2.
We emphasize that the Borel transform encodes the large-order increase of the co-
efficients in its singularities in the complex u plane. A first consequence is that, due to
the singularities of B(u) for u ≥ 2, the Laplace-Borel integral (16) is not defined and
is ambiguous. In order to recover the original function D(s), a prescription of regulat-
ing the integral is necessary. The principal value (PV) prescription, the most natural
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choice for mathematicians, has been adopted also for summation of perturbative QCD
[15, 21]. It is defined as
PV
∞∫
0
duB(u) e−u/a =
1
2
[∫
C−
duB(u) e−u/a +
∫
C+
duB(u) e−u/a
]
, (17)
where C+ (C−) are lines parallel to the real positive axis, slightly above (below) it and
we denoted a ≡ β0as. As discussed in [26], the PV prescription is preferred from the
point of view of the momentum-plane analyticity properties that must be satisfied by
the QCD correlation functions.
FIG. 2: The Borel plane for the Adler function. The series (15) converges inside the
circle passing through the first UV renormalon at u = −1.
If one adopts a certain prescription (e.g., the principal value prescription), it is
possible to exploit the available knowledge of the large-order behavior of the coefficients
for defining a new expansion, in which the divergent pattern is considerably tamed.
Such an approach uses techniques of convergence acceleration based on “conformal
mappings” and “singularity softening”, which will be explained in the next sections.
Before ending this section, we want to mention an important consequence of the
intrinsic ambiguity of perturbative QCD due to the IR singularities of the Borel trans-
form. We note that an IR renormalon at u = k, where k ≥ 2 is a positive integer, gener-
ates an ambiguity of the form exp(−k/β0as) in the integral (16). By using the one-loop
expression (11) of the running coupling, and denoting Q2 = −s, this is equivalent to an
ambiguity of the form 1/Q2k. Thus, the divergence and Borel non-summability of the
11
QCD perturbative series implies the existence of additional terms in the representation
of the QCD correlators, consisting actually of a whole series of power corrections [15].
These terms are alternatively inferred from the philosophy of operator product expan-
sion (OPE) and reflect the properties of the QCD vacuum [27, 28]. The conclusion
is that, besides the pure perturbative part Πpert(s) obtained from the Adler function
Dpert(s) using (6), the correlator Π(s) contains a whole series of power corrections
[27, 28]
Π(s) ∼ Πpert(s) + ΠPC(s), (18)
where
ΠPC(s) ∼
∑
n≥1
dn
Q2n
, Q2 = −s, (19)
the coefficients dn being expressed in terms of factors calculated perturbatively and
vacuum expectation values of higher-dimensional (d > 0) quark and gluon operators
(the so-called “vacuum condensates”). These quantities should be calculated using the
same prescription as that adopted for the pure perturbative part Πpert(s).
IV. METHOD OF CONFORMAL MAPPING
A conformal mapping or transformation in simple terms transforms two oriented
intersecting curves from one complex plane to another complex plane, such that it
preserves the angle between them in magnitude and in orientation. This means that
the angle between two curves in the original plane will be identical to that of the angle
between corresponding curves in the second plane, although the transformed curves
in the latter plane may not be similar to the original curves in the first plane. A
holomorphic function F (z) is conformal at every point z0 where F
′(z0) 6= 0.
The conformal mapping method was introduced in particle physics in Refs. [29–31]
for improving the convergence of the power series used for the representaton of scatter-
ing amplitudes. By this method, a series in powers of a certain variable, convergent in
a disk of positive radius around the origin, is replaced by a series in powers of another
variable, which actually performs the conformal mapping of the original complex plane
(or a part of it) onto a disk of radius equal to unity in the transformed plane. The
12
new series converges in a larger region, well beyond the disk of convergence of the orig-
inal expansion, and also has an increased asymptotic convergence rate at points lying
inside this disk. An important result proved in Refs. [29, 31] is that the asymptotic
convergence rate is maximal if the new variable maps the entire holomorphy domain of
the expanded function onto the unit disk. This particular conformal mapping is called
“optimal”.
For QCD, it turns out that the method is not applicable to the formal perturbative
series of D in powers of αs, because D is singular at the point of expansion
3. However,
the method can be applied, rather than to D(s), to its Borel transform B(u), which
is holomorphic in a region containing the origin u = 0 of the Borel complex plane and
can be expanded in powers of the Borel variable as in (15).
The conformal mapping of the Borel plane was suggested in [15] as a technique to
reduce or eliminate the ambiguities (power corrections) due to the large momenta in the
Feynman integrals. As shown in Fig. 2, the first UV renormalon at u = −1 limits the
convergence of the series (15) to the disk |u| < 1, and generates therefore an ambiguity
of the form exp(−1/β0as) in the Laplace-Borel integral (16). By using the argument
presented above, this is equivalent to an ambiguity of the form 1/Q2. However, this
power correction is not a genuine ambiguity for QCD, because it is produced by large
momenta in the Feynman integrals, which are harmless. The spurious ambiguity can
be eliminated by expanding B(u) in a power series which converges also for u > 1. This
is achieved by the conformal mapping
v ≡ v˜(u) =
√
1 + u− 1√
1 + u+ 1
, (20)
proposed by Mueller [15] and used also in Refs. [34, 35]. As one can see from Fig. 3
left, the function v˜(u) maps the u plane cut along the line u ≤ −1 onto the unit disk
|v| < 1 in the v plane. In the v plane, the origin u = 0 of the u plane becomes the
origin v = 0, the upper and lower edges of the cut u ≤ −1 become the circle |v| = 1,
and the IR renormalon cut along u ≥ 2 becomes a real segment inside the circle. The
3 In the so-called ”order-dependent” conformal mappings, which were defined also in the coupling plane
[32, 33], the singularity is shifted away from the origin by a certain amount at each finite-order, and
tends to the origin only when an infinite number of terms are considered.
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corresponding expansion
B(u) =
∞∑
n=0
dnv
n , (21)
will converge in the disk limited by the image v˜(2) of the first IR renormalon (see Fig.
3 left). This domain is larger than the original disk in Fig. 2, but does not cover the
entire u plane. The reason is the fact that the conformal mapping (20) exploits only in
part the known singularity structure in the Borel plane and is not optimal in the sense
explained above.
FIG. 3: Left: the v complex plane. The UV cut is mapped upon the unit circle, while
the IR cut is situated inside it. The convergence domain of the series (21) is limited
by the image of the point u = 2, the lowest branch point of the IR cut. Right: the w
complex plane. Both the UV and IR cuts are mapped on the boundary of the unit
circle. The convergence domain is the whole Borel plane cut for u ≥ 2 and u ≤ −1.
An optimal mapping, which performs the analytic continuation in the entire doubly-
cut Borel plane, was proposed for the first time in [36] and was further investigated in
[37–42] (similar methods were applied also in [43, 44]). By means of this technique, it
is possible to define a non-power perturbative expansion in QCD in terms of a new set
of functions that fully exploit the location of the singularities in the Borel plane.
As shown in [36], the optimal conformal mapping of the plane u for the Adler
function is:
w ≡ w˜(u) =
√
1 + u−√1− u/2√
1 + u+
√
1− u/2 . (22)
One can check that (22) maps the complex u plane cut along the real axis for u ≥ 2
and u ≤ −1 onto the interior of the circle |w| < 1 in the complex w-plane such that
14
the origin u = 0 of the u plane corresponds to the origin w = 0 of the w plane, and the
upper (lower) edges of the cuts are mapped onto the upper (lower) semicircles in the
w plane (see Fig. 3 right). The inverse of the mapping (22) is
u ≡ u˜(w) = 8w
3w2 − 2w + 3 =
8w
3(w − ζ)(w − ζ∗) , (23)
where ζ = (
√
2 + i)/(
√
2− i) and its complex conjugate ζ∗ are the images of u =∞ on
the unit circle in the w plane.
By the mapping (22), all the singularities of the Borel transform, the UV and IR
renormalons, have been pushed on the boundary of the unit disk in the w plane, all at
equal distance from the origin. Consider now the expansion of B(u) in powers of the
variable w:
B(u) =
∞∑
n=0
cnw
n , (24)
where the coefficients cn can be obtained from the coefficients bk, k ≤ n, using Eqs. (15)
and (22). By expanding B(u) according to (24) one makes full use of its holomorphy
domain, because the known part of it (i.e. the first Riemann sheet) is mapped onto
the convergence disk.
As we mentioned above, an important result proved in [29] is that the expansion
in powers of the optimal conformal mapping has the fastest asymptotic (large-order)
convergence rate, compared to any other expansion in powers of a variable that maps
only a smaller part of the holomorphy domain onto the unit disk. We recall that the
large-order convergence rate of a power series is equal to that of the geometrical series
with the quotient r/R, r being the distance of the point from the origin and R the
convergence radius. The proof given in [29] consists in comparing the magnitudes of
the ratio r/R for a certain point in different complex planes, corresponding to different
conformal mappings. When the whole analyticity domain D of the function is mapped
on a disk, the value of r/R is minimal [29]. For a detailed proof, see Ref. [41].
The expansion (24) of the Borel transform suggests an expansion for the Adler
function of the form [36–38]
D(s) =
∞∑
n=0
cnWn(a), (25)
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where the functions Wn(a) are defined as Borel-Laplace transforms of the integer powers
of w˜(u):
Wn(a) =
1
a
∞∫
0
e−u/a (w˜(u))n du, a ≡ β0as(−s). (26)
At each finite truncation order N , the expansion (25) is obtained by inserting the
series (24) into the Laplace integral (16) and exchanging the order of summation and
integration. This procedure is trivially allowed at any finite integer N ≥ 0. For N →∞,
however, the new expansion (25) represents a nontrivial step out of perturbation theory,
replacing the perturbative powers an by the functions Wn(a).
This procedure is an obvious generalization of the conformal mapping method pro-
posed in [45] for Borel-summable functions. Formally, the expansion (25) is obtained
from the standard perturbative expansion (9) by replacing the coefficients bn, appearing
in the Taylor series (15), by the coefficients cn of the improved expansion (24), and the
perturbative functions n!ans (which multiply the coefficients bn) by the new functions
Wn(a) defined by the integral (26).
V. PROPERTIES OF THE NEW EXPANSION FUNCTIONS
We note first that the integral (26) is not well-defined, since the variable w = w˜(u)
has a branch point singularity at the point u = 2, which is situated along the integration
range. This is a manifestation of the intrinsic ambiguity of the perturbation theory
produced by the infrared renormalons. According to the discussion above, a prescription
is required for defining the integral, which we take to be the same PV prescription (17)
adopted for the correlator D itself. So, we shall define
Wn(a) =
1
a
PV
∞∫
0
e−u/a (w˜(u))n du. (27)
In what follows we shall briefly discuss the properties of the expansion functions Wn(a),
showing that in many respects they resemble the expanded function D(s) itself.
A first question is what are the analyticity properties of the expansion functions
in the complex a plane (we recall that a is related to the strong coupling by a =
β0αs(−s)/pi). The problem of the analytic properties of the QCD correlators in the
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coupling constant plane is very complicated. ’t Hooft [10] and Khuri [11] showed that
renormalization group invariance and the multiparticle branch points on the timelike
axis of the s plane imply a complicated accumulation of singularities near the point
a = 0. Since the proof uses a nonperturbative argument (multiparticle states generated
by confinement in massless QCD), it is difficult to see this feature in standard truncated
perturbation theory: indeed, the standard expansions in powers of a, truncated at a
finite order, are holomorphic at a = 0 and cannot capture this property of the full
correlator.
For the new expansion functions Wn(a), from their definition (27) one can expect a
more complex structure in the a plane, even after the regularization of the integral by
the PV prescription. The detailed analysis performed in [38] shows that the functions
Wn(a) are analytic functions of real type, i.e. they satisfy the Schwarz reflection prop-
erty Wn(a
∗) = (Wn(a))∗, in the whole complex a plane, except for a cut along the real
negative axis and an essential singularity at a = 0. Thus, even a truncated expansion
(25) will exhibit a feature of the full correlator, namely its singularity at the origin
a = 0, although the exact nature of the singularity can not be captured.
It is of interest to investigate also the perturbative expansion of the functions Wn in
powers of a. Since Wn(a) have singularities at a = 0, their Taylor expansions around
the origin will be divergent series. We take first a real and positive. The asymptotic
expansion is obtained by applying Watson’s lemma [46] (see also [2] and [47]).
Specifically, we consider the Taylor expansion
(w˜(u))n =
∞∑
k=n
ξ
(n)
k u
k , (28)
which is convergent for |u| < 1. The sum begins with k = n since, as follows from (22),
the derivatives (w˜n)(k)(0) vanish for k < n (in particular ξ
(n)
n = (3/8)n). Then one can
prove the relation [38]
Wn(a) =
N∑
k=n
ξ
(n)
k k!a
k + M˜n (N + 1)! a
N+1 +O
(
e−
X
a
)
,
where N is a positive integer, M˜n is independent of N and X is an arbitrary posi-
tive parameter less than 1. From the definition (3), it follows that Wn(a) admit the
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asymptotic series
Wn(a) ∼
∞∑
k=n
ξ
(n)
k k!a
k , a→ 0+ . (29)
The expansion (29) is independent of the prescription required in the definition of
Wn(a). We note that the first term of each Wn(a) is proportional to n!a
n with a positive
coefficient, thereby retaining a fundamental property of perturbation theory. But the
series (29) are divergent: indeed, since the expansions (28) have their convergence radii
equal to 1, then for any R > 1 there are infinitely many k such that |ξ(n)k | > R−k [2].
Actually, the divergence of the series (29) is not surprising, in view of the singularities
of the functions Wn(a) at the origin of the a plane.
For illustration we give below the expansions of the first functions Wn(a), derived
in [38]:
W1(a) ∼ 0.375a− 0.187a2 + 0.457a3 − 1.08a4 + 4.32a5 + . . . ,
W2(a) ∼ 0.281a2 − 0.422a3 + 1.58a4 − 5.80a5 + 29.78a6 + . . . ,
W3(a) ∼ 0.316a3 − 0.949a4 + 5.04a5 − 25.95a6 + 167.99a7 + . . . (30)
The higher powers of a become quickly important in (30), the expansion coefficients
eventually adopting factorial growth. For instance, the coefficients of a5 in (30) all
equal 5 approximately, while the 10th-order ones are between 5 × 104 and 9 × 104,
with alternating signs. The functions Wn(a) have divergent perturbative expansions,
resembling the expanded QCD correlation function D.
Although the series (30) are divergent, after adopting a prescription the functions
Wn(a) are well-defined, and bounded in the right half plane Re a > 0:
|Wn(a)| ≤ 1|a|
∫ ∞
0
e
−uRea|a|2 |(w˜(u))n|du < |a|
Rea
, (31)
since |(w˜(u))n| < 1. For a real and positive the right hand side of (31) is equal to unity.
In Fig. 4 we show, following [38], the shape of the first functions Wn, calculated with
the PV prescription, for real values of a.
Finally, an important property is the large-order behaviour of the functions Wn(a)
at large n. This was investigated [37, 38] by the technique of saddle points. Omitting
the proof given in [37], we quote the asymptotic behaviour of Wn(a) for n→∞:
Wn(a) ≈ n 14 ζne−23/4(1+i)(n/a)1/2 + n 14 (ζ∗)ne−23/4(1−i)(n/a)1/2 , (32)
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FIG. 4: The first six functions Wm(a) defined with the PV prescription (27), for a
from 0 to 6. Unlabelled are the corresponding perturbative factors n! an.
where ζ was defined below (23). This estimate is valid in the complex a plane, for
a = |a|eiψ with ψ restricted by
|ψ| < pi/6 . (33)
The convergence of the expansion (25) depends on the ratio∣∣∣∣ cnWn(a)cn−1Wn−1(a)
∣∣∣∣ . (34)
As shown in [37, 38], if the coefficients cn satisfy the condition
|cn| < Cen1/2 (35)
for any  > 0, the expansion (25) converges for a complex in the domain
Re[(1± i)a−1/2] > 0 , (36)
which is equivalent to |ψ| ≤ pi/2 − δ. Since the condition (33) is more restrictive, it
follows that, if the condition (35) is satisfied, the series (25) converges in the sector
defined by (33).
The coefficients cn are obtained by inserting into the Taylor series (15) the expan-
sions in powers of w of the function u˜(w) defined in (23). A precise estimate of the
behaviour of the cn starting from a general form of the standard perturbative coeffi-
cients cn,k is difficult to obtain. In the special case of a Borel transform with a finite
number of branch-point singularities, considered in [37, 38], one can derive the generic
behaviour
|cn| ≤ C ′nξ = C ′eξ lnn , ξ > 0 , (37)
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which satisfies the convergence condition (35). Whether this bound is valid or not in
general in QCD is an open problem.
We emphasize that the convergence of the series (25) is a key argument in favour
of the stepping out of the standard perturbation theory and the definition of a new
perturbative expansion. In the next section we shall further improve this expansion by
using additional theoretical knowledge available about the expanded function.
VI. SINGULARITY SOFTENING
In the particular case of the Adler function in massless QCD, the nature of the
leading singularities in the Borel plane is known [15, 21, 48]: near the first branch
points, u = −1 and u = 2, B(u) behaves like
B(u) ∼ r1
(1 + u)γ1
and B(u) ∼ r2
(1− u/2)γ2 , (38)
respectively. The residues r1 and r2 are not known, but the exponents γ1 and γ2 have
known values, calculated using renormalization-group invariance [15, 21, 48, 49]:
γ1 = 1.21, γ2 = 2.58 . (39)
The expansion (24) takes into account only the position of the renormalons in the
Borel plane. If a sufficient number of expansion coefficients were known, (24) would be
expected to describe also the character, strength, etc., of the singularities as well. Since,
however, only a few perturbative coefficients are at present explicitly available, one
cannot expect that the expansion of the type (24) might be able to give a satisfactory
approximation of B(u) near its first singularities. It is better than (15), which has no
singularities in any finite-order approximation. But, although the position of the first
singularities is correctly implemented by (24), their nature cannot be captured by a
few number of terms in the expansion.
An explicit account for the leading singularities (38) would therefore be helpful to
further improve the convergence. This can be done by multiplying B(u) with suitable
factors that vanish at u = −1 and u = 2 and compensate the dominant singularities.
The subsequent expansion of the product in powers of a conformal mapping variable
is expected to converge better. This procedure is known as ”singularity softening”
[35, 36, 39–42].
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In contrast with the optimal conformal mapping, singularity softening is not unique.
The singularities are present in B(u), but we do not know their actual form, except for
the behavior (38) near the corresponding branch-points. A possibility is to multiply
B(u) by simple factors like (1+u)γ1(1−u/2)γ2 [35, 36]. In [39], the alternative softening
factors (1 + w)2γ1(1 − w)2γ2 were adopted, where w = w˜(u) is the optimal mapping
(22). The product of B(u) with these factors was afterwards expanded in powers of
the same variable w.
In fact, some generalizations of this expansion can be constructed. We note that the
product of B(u) with softening factors is expected to contain milder singularities, which
vanish instead of becoming infinite at u = −1 and u = 2 (in very peculiar cases the
singularities may disappear altogether, but this situation is very unlikely). The effect
of a mild singularity in a function is not visible at low orders in its series expansions,
and is expected to appear only at large orders. Therefore, we can ignore their effects,
expanding the product in powers of variables that account only for the next branch
points of B(u). In the case of the Adler function, these singularities are placed at
u = 3, 4, etc., on the positive axis, and at u = −2, −3, etc., on the negative axis.
It is useful then to define the generic functions [41]
w˜jk(u) =
√
1 + u/j −√1− u/k√
1 + u/j +
√
1− u/k , (40)
which conformally map the u plane cut along u ≤ −j and u ≥ k to the disk |wjk| < 1
in the plane wjk ≡ w˜jk(u). For j = 1, k = 2, we obtain the optimal mapping (22).
In the following, we shall consider also the variables w13, w1∞ and w23, for which
the corresponding unit disks |wjk| < 1 are shown in Fig. 5. The conformal mapping
w1∞ coincides actually with the mapping (20) suggested in [15] and the mapping w13
was investigated also in [44]. As seen in Fig. 5, the last three mappings leave inside
the unit circle parts of the real axis of the u plane which contain some singularities.
As a consequence, the expansions based on these variables will converge in a smaller
domain and their convergence rates will be, in principle, worse than that of the optimal
mapping w12.
According to the above discussion, we shall expand in powers of wjk the product of
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FIG. 5: The unit disks |wjk| < 1 on which the conformal mapping defined in (40)
maps the cut u-plane, for several values of j and k [41]. In the last three figures, the
thick lines indicate the residual cuts inside the unit disk.
B(u) with suitable softening factors. Specifically, we consider the expansions [41]
Sjk(u)B(u) =
∑
n≥0
cjkn (w˜jk(u))
n, (41)
where Sjk(u) must “soften” in principle all the singularities of B(u) at −j ≤ u < 0 and
0 < u ≤ k.
A systematic application of this idea to the singularities of B(u) requires the knowl-
edge of the nature of the branch-points, which at present is available only for the leading
singularities at u = −1 and u = 2. Therefore, we shall limit ourselves to compensating
factors that vanish at these points. Numerically, it is convenient to choose the factor
Sjk as a simple expression with a rapidly converging expansion in powers of wjk, thus
ensuring a good convergence of the product (41). A suitable choice is [41]:
Sjk(u) =
(
1− w˜jk(u)
w˜jk(−1)
)γ(j)1 (
1− w˜jk(u)
w˜jk(2)
)γ(k)2
. (42)
The exponents γ
(j)
1 = γ1(1 + δj1) and γ
(k)
2 = γ2(1 + δk2), where δij is the Kronecker
delta, are taken such as to reproduce the nature of the first branch-points of B(u),
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given in (38). In particular, for the optimal case j = 1, k = 2 we obtain from (42) the
factor (1 + w)2γ1(1− w)2γ2 , with w = w˜(u) defined in (22).
Strictly speaking, for a fixed pair (j, k) the expansion (41) converges only on the disk
|wjk| < min[|w˜jk(−1)|, |w˜jk(2)|]. For the optimal choice j = 1, k = 2, the expansion
converges in the whole unit disk |w12| < 1, i.e. in the whole u plane except for the
cuts along the real axis for u ≥ 2 and u ≤ −1. For other mappings, the convergence
disk is limited by the beginning of the cuts shown in Fig. 5. In particular, if j = 1 and
k > 2 the expansions (41) diverge for real u greater than 2, while for the conformal
mappings with j > 1, the expansions start to diverge for u greater than one, due to
the singularity at u = −1 present inside the circle (as in the last case shown in Fig. 5).
However, for the product Sjk(u)B(u) these singularities are mild.
The expansion (41) enters the Laplace-Borel integral (17) where, for values of a of
physical interest, the contribution of high values of u is suppressed. In particular, if a is
not very large, the region u > 2 brings a small contribution to the integral, so signs of
divergence in the case of the variables w13 and w1∞ are expected to occur only at very
large orders N . On the other hand, for the variable w23, it is natural to expect signs
of divergence at lower values of N , since the series (41) does not converge for u > 1 .
By combining the expansion (41) with the definition (17), we are led to the general
class of perturbative expansions
D(s) =
∞∑
n=0
c(jk)n W
(jk)
n (a), (43)
in terms of the expansion functions
W (jk)n (a) =
1
a
PV
∞∫
0
e−
u
a
(w˜jk(u))
n
Sjk(u)
du. (44)
The properties of these expansions are similar to those of the simpler functions
Wn presented in the previous section. In sections VIII and IX we shall discuss the
application of these expansions both to mathematical toy models and for the extraction
of the strong coupling from hadronic τ decays. Before turning to this, we need to make
a brief digression by analyzing another source of ambiguity of perturbative QCD at
finite orders, which is the subject of the next section.
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VII. RENORMALIZATION-GROUP SUMMATIONS
The Adler function is by definition renormalization-group invariant. However, this
property is no longer valid for its perturbative expansions truncated at finite orders,
which depend both on renormalization scheme and scale. In our presentation we shall
work in a fixed scheme (MS) and concentrate on the dependence on scale. For conve-
nience, in what follows we shall write the Adler function as
D(s) = 1 + D̂(s), (45)
where the first term is the parton model result, and consider only the nontrivial con-
tribution D̂(s), whose perturbative expansion is given in (8) and traditionally called
“fixed-order perturbation theory” (FOPT). Using (8), we write
D̂FOPT(s) =
∑
n≥1
(
αs(µ
2)
pi
)n n∑
k=1
k cn,k (ln(−s/µ2))k−1 . (46)
The renormalization-group improved expansion (9), which we used so far in our dis-
cussion, is also called, for reasons that will become clear in the next sections, “contour-
improved perturbation theory” (CIPT). Thus, using (9) we have:
D̂CIPT(s) =
∑
n≥1
cn,1
(
αs(−s)
pi
)n
. (47)
We shall consider also another approach, proposed in [50, 51], which general-
izes the summation of leading logarithms by summing all the terms available from
renormalization-group invariance. This formulation of perturbation theory, applied to
the Adler function in [52, 53], is referred to as “renormalization-group-summed pertur-
bation theory” (RGSPT). For our purpose, it is useful to note that the expansion of
the Adler function can be written as [53]
D̂RGSPT(s) =
∑
n≥1
(a˜s(−s))n
cn,1 + n−1∑
j=1
cj,1dn,j(y)
 , (48)
where a˜s(−s) is the solution of the RG equation (10) to one loop, given by (11), and
the functions dn,j(y) have analytically closed forms depending only on the variable
y ≡ 1 + β0as(µ2) ln(−s/µ2), where β0 is the first coefficient of the β function, given in
(12). The explicit expressions of these functions for n ≤ 10 can be found in [52, 53].
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At finite truncation orders, the difference between the predictions of the above three
versions of perturbation theory produces an unavoidable theoretical ambiguity, which
affects the extraction of the QCD parameters from experimental measurements. As
noticed in [49], the corresponding theoretical error of the strong coupling αs at the
scale µ2 = m2τ , determined from the hadronic decays of the τ lepton, turned out to
increase instead of decreasing when higher-order loop calculations of the Adler function
were included. This surprising result has generated many debates and controversial
opinions on how to handle it have been formulated [49, 54–56]. It shows actually
that the uncertainty due to renormalization-group summations is correlated to the
behaviour of the higher-order coefficients and the divergency of the series. Both effects
are relevant for predictions at the mτ scale, where the coupling αs is rather large. It
would be interesting therefore to define improved expansions, based on the ideas of
conformal mappings and singularity softening, also for the FOPT and RGSPT series
defined above.
It is convenient to define the Borel transform B̂CIPT(u) of the expansion D̂CITP(s)
by the somewhat different expansion:
B̂CIPT(u) =
∞∑
n=0
b̂nu
n, b̂n =
cn+1,1
βn0 n!
, (49)
which implies the Laplace-Borel integral representation
D̂CITP(s) =
1
β0
PV
∞∫
0
exp
( −u
β0as(−s)
)
B̂CIPT(u) du . (50)
By analogy with (43) and (44), we can write the improved perturbative CIPT expansion
of the Adler function:
D̂CITP(s) =
∞∑
n=0
c
(jk)
n,CITP Ŵ
(jk)
n,CITP(s), (51)
where the expansion functions have the expression
Ŵ
(jk)
n,CITP(s) =
1
β0
PV
∞∫
0
e
− u
β0as(−s)
(w˜jk(u))
n
Sjk(u)
du , (52)
and the coefficients c
(jk)
n,CITP are obtained from Eqs. (40), (42) and (49).
To emphasize the fact that the expansion functions (52) are no longer powers of the
coupling as, the expansion (51) is sometimes called “non-power perturbation theory”
(NPPT) [41, 53].
25
Similar non-power expansions can be defined also for the FOPT and RGSPT ver-
sions of perturbation theory. In these cases, the Borel transforms B̂FOPT(u, s) and
B̂RGSPT(u, s), respectively, defined starting from the expansions (46) and (48), de-
pend also on the variable s. However, as discussed in [53], the position and nature
of the leading singularities in the u plane of these Borel transforms are identical to
those of B̂CIPT(u). This result follows from a general argument by Mueller [13], which
states that the dominant singularities of the Borel transform are determined from the
behaviour of the correlators in the limit of small coupling, when the three different
couplings relevant for the above expansions, namely as(−s), as(m2τ ) and a˜s(−s), are
close to each other. Therefore, the optimal conformal mapping w˜(u) defined in (22), as
well as the more general mappings (40) and softening factors (42) defined above, remain
the same in the case of FOPT and RGSPT. The corresponding improved expansions,
similar to Eqs. (50)-(52), can be found in Ref. [53] and are not repeated here.
VIII. TOY MODELS
The convergence properties of the expansions discussed above have been tested
through toy theoretical models which predict the higher-order coefficients of the Adler
function, cn,1 for n > 4. In these models, the Borel transform is expressed in terms of
a few dominant singularities in the Borel plane.
In a first theoretical model, proposed in [49] and discussed in many papers as a
reference model, the Adler function D̂(s) is defined as the PV-regulated Laplace-Borel
integral (50), where the Borel transform B̂(u) ≡ B̂ref(u) is expressed in terms of a few
ultraviolet (UV) and infrared (IR) renormalons, and a regular, polynomial part:
B̂ref(u)
pi
= BUV1 (u) +B
IR
2 (u) +B
IR
3 (u) + d
PO
0 + d
PO
1 u, (53)
where the renormalons are parametrized as [49]
BIRp (u) =
dIRp
(p− u)γp
[
1 + b˜1(p− u) + . . .
]
,
BUVp (u) =
dUVp
(p+ u)γ¯p
[
1 + b¯1(p+ u) + . . .
]
. (54)
The free parameters of the model are determined such that they reproduce the
known perturbative coefficients cn,1 for n ≤ 4 given in (13), and the estimate c5,1 = 283
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for the next coefficient. Their numerical values are [49]:
dPO0 = 0.781, d
PO
1 = 7.66× 10−3, dIR2 = 3.16, dIR3 = −13.5, dUV1 = −1.56× 10−2.
(55)
After specifying the parameters, all the higher-order coefficients cn,1 can be predicted
and they exhibit a factorial growth. Their numerical values up to n = 18 are listed in
Refs. [39, 49].
From (55) one can see that this model has a relatively large residue dIR2 of the first
IR renormalon at u = 2. However, a smaller residue dIR2 of the first IR renormalon is
not excluded for the physical function. Models attempting to simulate this situation
have been investigated in several papers. For instance, an extreme alternative model,
with no singularity at all at u = 2 and an additional singularity at u = 4, is defined by
choosing the Borel transform as:
B̂alt(u)
pi
= BUV1 (u) +B
IR
3 (u) +B
IR
4 (u) + d
PO
0 + d
PO
1 u. (56)
The five parameters, found by matching the coefficients cn,1 for n ≤ 5, are:
dPO0 = 2.15, d
PO
1 = 4.01× 10−1, dIR3 = 66.18, dIR4 = −289.71, dUV1 = −5.21× 10−3.
(57)
Several intermediate models, including the first IR renormalon at u = 2 and a pre-
scribed residue smaller (or larger) than the value in (55) have been also investigated in
Refs. [41, 53–59].
Before applying the perturbative expansions to the toy models, we recall that pertur-
bative QCD is not directly applicable at low energies on the timelike axis [60]: indeed,
the correlation functions and the scattering amplitudes exhibit in this region hadronic
thresholds implied by unitarity, which cannot be described in terms of free quarks and
gluons. Moreover, the perturbation series becomes useless, since the running coupling
αs(−s) is very large at low s > 0.
Therefore, we shall test the various expansions by calculating the values of the
Adler function D̂(s) in the complex s plane, outside the real positive axis. Having
in mind the physical applications, in particular to the hadronic τ decays, we shall
calculate the function along the circle |s| = m2τ , i.e. for s = m2τ exp(iϕ), with 0 ≤
ϕ ≤ 2pi. Actually, using the Schwarz reflection property Π(s∗) = Π∗(s) satisfied by the
polarization function, it is enough to consider only the range 0 ≤ ϕ ≤ pi.
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The exact function D̂(s) is obtained by inserting in (50) the Borel transform (53)
or (56) and using in the exponent the solution αs(−s) of the renormalization-group
equation (10), found numerically in an iterative way along the circle, starting from a
given initial value at s = −m2τ . In all the calculations we have used for convenience the
value αs(m
2
τ ) = 0.34.
The new non-power perturbative expansions are constructed by truncating the stan-
dard series at a definite value N and passing to the new expansions by using the algo-
rithm presented in the previous section. For a fixed N, the new expansions reproduce
the coefficients cn,1 with n ≤N. In the CIPT version the s-dependent coupling αs(−s)
is calculated along the circle by integrating numerically the RG equation, as explained
above. The FOPT version involves only the coupling αs(m
2
τ ), but contains an ad-
ditional s dependence in the expansion coefficients. The RGS version involves the
one-loop coupling α˜s(−s) and a residual s dependence in the coefficients.
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FIG. 6: Real part of the Adler function in the model (53) along the circle s = m2τe
iϕ
for 0 ≤ ϕ ≤ pi (solid line) and its perturbative values calculated with the standard
CIPT (left panel) and FOPT (right panel) expansions truncated after N terms
[39, 49]. For higher perturbative orders N the expansions show big oscillations and are
not shown.
We start by illustrating the properties of the standard expansions in Fig. 6, where
we show the real part of the Adler function for the model (53) and its approximants
calculated with the standard CIPT and FOPT expansions along the circle |s| = m2τ .
One can see that the description is not very good: neither CIPT nor FOPT succeed
in approximating with precision the exact function, and the approximation becomes
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worse when the truncation order N is increased. In particular, FOPT fails to approach
the exact function neither near the timelike axis, which corresponds to ϕ = 0, nor near
the spacelike axis, which corresponds to ϕ = pi.
For comparison, we illustrate in Fig. 7 the properties of the new, non-power expan-
sion (50), in the CI and FO versions. The optimal conformal mapping w12 has been
used in the calculations. The left panel proves the very good approximation achieved
by the perturbative expansions improved by both renormalization-group and the an-
alytic continuation in the Borel-plane, up to high perturbative orders. As for the FO
non-power expansions, they provide a very good approximation for points near the
spacelike axis (ϕ close to pi). Near the timelike axis, the description is worse due to
the large imaginary parts in the logarithm ln(−s/m2τ ) and its powers, appearing in the
coefficients. This poor convergence near the timelike axis is an intrinsic feature of the
FO expansions, which is manifest also in the case of the series improved by conformal
mappings of the Borel plane.
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FIG. 7: As in Fig. 6 using the non-power perturbation theory (NPPT) defined in
(50), with the optimal conformal mapping w12.
We have so far considered only the CI and the FO expansions. As noted in Refs. [52,
53], the predictions of the RGS expansions are very close to those of the CI expansions,
for both standard and improved cases, up to relatively large orders. This is illustrated
in Fig. 8, where we show the real part of the Adler function for the model (53) along
the circle s = m2τe
iϕ, and its approximation by CI and RGS non-power expansions
calculated with N=18 perturbative terms. For completeness we present the expansions
with all the conformal mappings adopted in section VI. The approximations provided
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FIG. 8: Real part of the Adler function for the model (53) along the circle s = m2τe
iϕ,
approximated by CI and RGS NPPT perturbative expansions defined in (50),
calculated with N=18 terms, for various conformal mappings wjk.
by CI and RGS are similar and very good, except for the mapping w23. In the latter
case, the residual mild cut inside the conformal plane w23 corresponding to the segment
between u = −1 and u = −2 (see last panel of Fig. 5) limits the convergence radius of
the expansion (41). The effect is small at low perturbative orders, but becomes visible
at high orders, as is N=18.
We shall consider also an integral along the circle |s| = m2τ , defined as [49]
δ(0) =
1
2pii
∮
|s|=m2τ
ds
s
(
1− s
m2τ
)3(
1 +
s
m2τ
)
D̂(s). (58)
As we shall show in the next section, this quantity enters the theoretical calculation
of the τ hadronic decay width. For the model (53), the exact value of δ(0), obtained
with the Adler function D̂(s) calculated using Eq. (50) with αs(m
2
τ ) = 0.34, is δ
(0)
exact =
0.2371 ± 0.0060, where the error is an estimate of the prescription ambiguity (cf. Eq.
(6.3) of [49]).
In Fig. 9, following Ref. [39], we compare the exact value with the perturbative
calculations in the standard CIPT and FOPT, as well that the “new” non-power ex-
pansions (50) with the optimal conformal mapping (22). From the right panel one can
see the very good convergence of the CI expansions improved by the optimal conformal
mapping of the Borel plane.
More generally, the “moments” δ
(0)
i of the spectral function, which can be written
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FIG. 9: Left panel: δ(0) calculated with the standard CIPT and FOPT expansions as
a function of perturbative order for the model (53). The horizontal band is the exact
value. Right panel: δ(0) calculated with the new expansions defined in (50), for the
optimal conformal mapping.
as the integrals
δ
(0)
i (s0) =
1
2pii
∮
|s|=s0
ds
s
ρi(s)D̂(s), (59)
have been studied in several papers [56–59]. Here ρi(s) is a suitable weight which
generalizes the kinematical weight in (58), and the parameter s0 was set to m
2
τ or to
lower values. Detailed studies of a large class of moments have been performed in the
literature, for the model (53) and for other toy models.
Several conclusions follow from the numerical tests performed for the model (53).
First, we recall that the non-power FO expansions give a very good description near
the euclidian axis, while near the timelike axis the series have poor convergence due
to the large imaginary part of the factors ln(−s/m2τ ) present in the coefficients. This
implies that renormalization-group summation and a tamed large-order behaviour are
both necessary for a good description of the QCD correlators in the complex s plane.
Indeed, the non-power CI and RGS expansion give very good approximations up to high
orders for the Adler function and a large class of moments of the spectral function.
Similar results are obtained for other toy models, although the detailed behaviour at
low orders can be slightly different. From these studies, we conclude that perturbation
theory improved by renormalization-group summation in the CI or RGS versions and
the series acceleration by conformal mappings of the Borel plane provides the best
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description of the physical QCD correlators.
IX. αs FROM HADRONIC DECAYS OF THE τ LEPTON
The hadronic decay width of the τ lepton has been proposed since a long time
[61–65] as a clean way for the determination of the strong coupling constant αs at a
relatively low scale, equal to the mass mτ = 1.78 GeV. It is convenient to define the
ratio Rτ as:
Rτ =
Γ(τ− → hadrons ντ )
Γ(τ− → eν¯eντ ) , (60)
where the total decay width Γ(τ− → hadrons ντ ) is obtained by integration over the
invariant mass squared of the final hadron spectrum
Γ(τ− → hadrons ντ ) =
∫ m2τ
0
dΓ(τ− → hadrons ντ )
ds
ds. (61)
In the absence of strong and electroweak radiative corrections, the naive prediction for
Rτ is the parton-model value determined by the color factor Nc = 3.
hadronsτ−
ντ
W−
FIG. 10: The decay τ− → hadrons ντ .
The differential decay width dΓ(τ− → hadrons ντ )/ds is calculated from the diagram
in Fig. 10. After performing integration over the phase space and using unitarity, one
obtains
Γ(τ− → hadrons ντ ) ∼ 12pi
∫ m2τ
0
ds
m2τ
(
1− s
m2τ
)2(
1 +
2s
m2τ
)
ImΠ(s), (62)
where Π(s) is the polarization function defined in (7) and illustrated in Fig. 1.
A straightforward evaluation of (62) by perturbative QCD is not possible, because
the integral involves a kinematical region at small s on the timelike axis, where the
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description in terms of free quarks and gluons is not valid. The problem can be handled
however by using the analyticity properties of the function Π(s) in the complex s
plane. Namely, from the general principles of causality and unitarity valid for the QCD
confined theory, it is known that Π(s) is a holomorphic function in the complex s-plane,
except for a branch cut which extends along the real positive axis for s ≥ 4m2pi. The
branch point is imposed by unitarity, since a pair of pi mesons is the state of lowest
mass that can be produced by the weak current. In addition, Π(s) is a function of
real type, i.e. it satisfies the Schwarz reflection principle Π(s∗) = Π∗(s). From this
property it follows, in particular, that the discontinuity across the cut is related to the
imaginary part by
Im Π(s) = − i
2
[Π(s+ i)−Π(s− i)] . (63)
-4 -2 0 2 4-4
-2
0
2
4
s0-s0
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FIG. 11: Integration contour in the complex s plane where Cauchy theorem is applied
to convert an integral along the timelike axis to an integral along the circle.
Using the analyticity of the exact polarization function Π(s) and applying the
Cauchy relation to the contour of integration shown in Fig. 11 for s0 = m
2
τ , the
integral (62) can be written as
Γ(τ− → hadrons ντ ) ∼ 6pii
∮
|s|=m2τ
ds
m2τ
(
1− s
m2τ
)2(
1 +
2s
m2τ
)
Π(s). (64)
Here we have used the relation (63) and the fact that the remaining factors in the inte-
grand are analytic functions with no discontinuity inside the circle |s| = m2τ . After an
integration by parts, the integral can be expressed in terms of the Adler function D(s),
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which in turn is written according to (50) in terms of the nontrivial QCD contribution
D̂(s). Along the circle |s| = m2τ , the function D̂(s) can be calculated by perturbative
QCD, which is supposed to be valid for large |s| in the complex plane outside the time-
like axis. Therefore, the r.h.s. of (64) is finally related to the quantity δ(0) defined in
Eq. (58).
By including all the couplings, the ratio Rτ produced by the V +A current contri-
bution can be written as [49]
Rτ = Nc SEW |Vud|2
[
1 + δ(0) + δ′EW +
∑
d≥2
δ
(d)
ud
]
, (65)
where Nc = 3 is the number of quark colors, SEW and δ
′
EW are electroweak corrections,
δ(0) is the dominant perturbative QCD correction and δ
(d)
ud denote quark-mass correc-
tions and contributions of higher-dimensional operators, present in the PC series ΠPC
defined in (19).
As shown in [49], the (less-known) higher terms in the OPE bring a very small
contribution to (65). Therefore, from the measured decay width Rτ it is possible
to obtain a fairly accurate phenomenological value of the QCD correction δ(0), which
allows further a precise extraction of the strong coupling αs(m
2
τ ). The problem has been
investigated in many recent papers (see for instance [39, 41, 49, 53, 54, 56, 66, 67] and
references therein). It turns out that the ambiguities related to the renormalization-
group summation and the truncation of the perturbative series represent the major
part of the theoretical uncertainty. In view of the discussion in this presentation, the
expansions improved by renormalization-group invariance and analytic continuation of
the Borel plane should provide the best value of the strong coupling. Here we quote
only the result obtained in [39, 41, 42, 53]:
αs(m
2
τ ) = 0.3192
+0.0167
−0.0126, (66)
and refer to the original works for details of the derivation.
Using the renormalization-group evolution determined from (10), one can translate
the value (66) to the standard scale equal to the mass of Z boson (mZ = 91.2 GeV).
This gives αs(m
2
Z) = 0.1184
+0.0019
−0.0011, close to the most recent world average, αs(m
2
Z) =
0.1181± 0.0011, quoted by Particle Data Group [68].
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X. CONCLUSION AND DISCUSSION
Perturbative QCD is a very successful theory which explains a large number of
hadronic observables measured in high-energy processes. Most remarkable is the con-
sistency between the values of the strong coupling αs extracted from different observ-
ables covering a wide range of energy scales. In recent years, impressive progress has
been achieved by many calculations performed to NNLO and NNLL, or even to higher
orders (up to five loops) for some particular quantities.
In the same time, perturbation theory in QCD is known to be affected by some
nontrivial problems. Thus, the expansions in powers of αs are divergent series, the co-
efficients exhibiting a factorial growth at large orders. Although the observables must
be renormalization-group invariant, their truncated series depend on the renormaliza-
tion scheme and scale. The truncated series do not have the analyticity properties
imposed by causality and unitarity to the physical correlators in momentum plane: in-
stead of branch points at the opening of hadronic channels, they possess branch points
due to quarks and gluons, and sometimes also unphysical Landau singularities. Finally,
the perturbative expansions can not be applied in a straightforward way on the time-
like axis in the energy plane, where measurements of the hadronic processes are done.
An analytic continuation in the momentum plane, from euclidean or complex values,
where the expansions are meaningful, to the minkowskian regions where hadrons live,
is necessary for comparison with experiment.
These problems are correlated to some extent, for instance the renormalization
scheme and scale dependence of the truncated expansions is amplified by the growth
of the perturbative coefficients. These difficulties are expected to have small effects at
very high energies, where the coupling is very small due to asymptotic freedom, but
become visible in applications of perturbative QCD at moderate energies, of a few GeV,
such at the mass mτ of the τ lepton.
In this contribution we have considered the first two of the issues listed above, with
emphasis on the fact that the QCD perturbative series have a zero radius of convergence
in the coupling plane. The main idea that we advocated is to use a conformal mapping of
the Borel plane and an expansion of the Borel transform in powers of the corresponding
variable, in order to perform the analytic continuation of this function outside the
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domain of convergence of its standard expansion. According to known mathematical
results, this technique also improves the asymptotic rate of convergence of the series
in the original region of convergence. In fact, an optimal conformal mapping can be
defined, which achieves the best rate of convergence: it is the transformation which
maps the whole analyticity domain of the Borel transform onto a disk of radius equal
to unity.
By applying this technique, we have defined a new perturbative expansion of the
QCD correlators, in terms of a set of new expansion functions, which replace the stan-
dard powers of αs. When reexpanded in powers of αs, the new expansions reproduce
the perturbative coefficients known from Feynman diagrams. The new expansion func-
tions have remarkable properties: they are singular at αs = 0 and their expansions in
powers of αs are divergent. Moreover, they are defined by Laplace-Borel integrals that
require a prescription. This means that the expansion functions resemble the expanded
function, i.e. the QCD correlator, in several of its fundamental features. Therefore,
a tamed divergent pattern of the new, non-power expansion of the QCD correlators is
expected.
These issues have been discussed in detail in the previous sections. We have in
particular confirmed the good convergence properties of the new expansions in the case
of the Adler function in the complex energy plane, if renormalization-group summation
is simultaneously performed.
The new expansions that we advocate here have also conceptual implications. We
recall that in the standard expansions the factorial growth of the coefficients and the
intrinsic ambiguity produced by the IR renormalons are connected and cannot be dis-
entangled. On the other hand, in the new expansion the growth of the coefficients is
much tamed, the series being shown to converge if some conditions are met. Thus, the
remaining ambiguity, produced by the infrared regions of the Feynman diagrams, is
separated from the divergence of the series and appears to be a genuine effect.
This separation can have nontrivial implications on the additional terms present in
the expansion (18) of QCD correlators in the frame of operator product expansion.
According to the modern views on resurgence and the associated trans-series [69], the
existence of the additional series (19) is related to the ambiguities of the dominant
perturbative part Πpert(s).
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There are strong arguments that the series (19) itself is actually a divergent series.
This implies, according to the same ideas of resurgence, the presence of other, additional
terms in the expansion of QCD correlators, beyond the operator product expansion.
According to standard terminology [70, 71], these terms, which are exponentially small
at large energies, are said to violate quark-hadron duality. The study of these problems
aims to bring clarifications on the application of perturbative QCD to the description
of hadronic phenomena at moderate energies.
The summary of the results obtained by research over the last couple of decades
points to the fact that solutions in quantum field theory require a variety of approaches
beyond the computation of multi-loop Feynman diagrams. These must go hand in hand
with an analysis of what one can learn about perturbation theory in general. Advanced
mathematical techniques of complex-variable theory offer the requisite tools to carry
out these tasks as demonstrated in the work summarized here.
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